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Abstract 
 
A correlation method of high frequency behaviors of a very flexible beam undergoing large displacement is pre-

sented. The suggested method based on the experimental modal analysis leads to more accurate correlation results 
because it directly uses the modal parameters of each mode achieved from experiment. First, the modal testing and the 
parameter identification method are suggested for flexible multibody dynamics. Due to the flexibility of a very thin 
beam, traditional testing methods such as impact hammer or contact type accelerometer are not working well. The 
suggested measurement with high speed camera, even though the test beam is very flexible, is working well. Using 
measurements with a high speed camera, modal properties until the 5th mode are measured. And After measuring each 
damping ratio until the 5th mode, a generic damping model is constructed using inverse modal transformation tech-
nique. It’s very interesting that the modal transformation technique can be also applied even in the ANCF simulation 
which uses the global displacement and finite slope as the nodal coordinates. The results of experiment and simulation 
are compared until the 5th mode frequency, respectively, by using ANCF forced vibration analysis. Through compari-
son between numerical simulation and experiment, this study showed that the proposed generic damping matrix, modal 
testing and parameter identification method is very proper in flexible multibody dynamic problems undergoing large 
deformation. 
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1. Introduction  

From the first introduction of the absolute nodal 
coordinate formulation (ANCF) [1, 2], there have 
been many researches that study dynamic motions of 
large deformable structures using the ANCF. Com-
pared to other finite element formulations, such as 
floating reference formulation and incremental finite 
element approach [1], the element with the ANCF can 
represent arbitrary large deformations more easily 
because it use finite slopes as nodal variables from the 

inertial frame. And the equations of motion contain a 
constant mass matrix and a constant vector of gener-
alized gravity forces as well as zero centrifugal and 
Coriolis inertial forces. Thus, the ANCF is well 
known as a proper formulation to simulate large de-
formable structures in the flexible multi-body dynam-
ics. 

It is true that there have been numerous papers to 
verify their large deformable models with experi-
ments [3-6]. But, none have focused on high fre-
quency behaviors of their flexible structures. They 
studied only the fundamental frequency; moreover, 
there is no trial to compare their high frequency be-
haviors to experimental results. Within the knowledge 
of the author, this study is the first trial to correlate the 
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results of high mode simulations with those of ex-
periment.  

In this study, the correlation method of high fre-
quency behaviors of a flexible beam undergoing large 
oscillation is presented. The method, which is based 
on experimental modal analysis [7, 8], leads to ob-
taining more accurate correlation results because it 
directly uses the modal parameters of each mode 
achieved from experiment. First, modal testing and 
the parameter identification method are suggested for 
the flexible multibody dynamics. Due to the flexibil-
ity of a very thin beam, traditional modal testing 
methods are not working well. It’s very tedious to 
remove the double hammering effects, the cancella-
tion of mass of contact type accelerator and bad co-
herence performance of non-contact type accelerome-
ters. But, even though the test beam is very flexible, 
the suggested method works well. This method uses 
the damped decay behavior of free vibrating beam 
and a high speed camera to capture the motion of the 
beam instead of accelerometers. And modal proper-
ties until the 5th mode are calculated by using motion 
tracking method and 1 DOF identification method.  

In previous studies [3-6, 9, 12], the linear damping 
model is widely used for simplicity and efficiency. 
But, it is impossible for the linear damping model to 
predict high order behaviors because there are only 
two frequency dependent constraints. Garcia-Vallejo 
[10] suggested the internal damping model based on 
linear visco-elasticity theory for the ANCF. He made 
an effort to make a damping model which can express 
no energy dissipation under rigid body motion and it 
is indeed good approach in structural dynamics as 
well as multibody dynamics simulation. But because 
of their thin structure in large deformation analysis, 
external damping is more important than internal 
damping in most mechanical application except hy-
perelastic or viscoelastic materials. So, it is necessary 
to find a new damping model which can express both 
internal and external damping characteristics. In this 
study, a frequency-dependent generic damping model 
based on experimental modal analysis is also intro-
duced for flexible multibody dynamics [7, 8]. The 
generic damping model is constructed using inverse 
modal transformation technique. It’s very interesting 
that the modal transformation technique can be also 
applied even in the ANCF simulation which uses the 
global displacement and finite slope as the nodal co-
ordinates. 

Finally, the results of experiment and simulation 

are compared until the 5th mode of the beam, respec-
tively, by using ANCF forced vibration analysis. 
Then it is discussed that there are good agreements 
between experiment and simulation behaviors in spite 
of relatively high frequencies. 
 
2. Physical experiments 
2.1 Experimental setup and testing 

The choice of material is very important in the 
large deformation test. During the large deformation, 
the behavior of the test material has to remain within 
the elastic limit. In this research, a thin spring-steel 
beam heat-treated to increase its strength and durabil-
ity is selected. The sectional properties of the beam 
are shown in Table. 1.  

Contact type accelerometers have been used to 
measure the response of the beam in traditional modal 
testing. But, in the large displacement and deforma-
tion test, it is difficult to attach a contact type acceler-
ometer to the beam due to high flexibility of the beam. 
In this experiment, the fundamental frequency of the 
test beam is only 1.85Hz. Therefore, a high-speed 
camera is used to capture the motion instead of accel-
erometers. A high-speed camera, REDLAKE Motion 
Scope 1000s shown in Fig. 1, is used in this study. 
The target point is attached to the test beam to track 
the beam displacement. But even with a high speed 
camera and marker tracking method, it is very diffi-
cult to measure the high order mode of the beam with 
high velocity. It is prone to losing the tracking point 
in the same methodology as previous researches. This 
is the reason why so many researchers have been 
focused only on the fundamental frequency.  

In this paper, the concept of global parameter of 
damping ratio to measure the high frequency behavior 
is used. The vibration signal made by LabVIEW is 
transferred to the Exciter by using a PXI 4461 board. 
Fig. 2 shows the PXI 4461 board generating sinusoi-
dal function and the exciter, LMT-100, produced by 
Ling Electronics. It can produce output force to 100 
lb (444.8 N) and has maximum displacement of 1 
inch (25.4 mm) and 2000 Hz. The large deformation 
experimental setup for the beam is constructed as 
shown in Fig. 3. The beam is located on the vertical 
direction and excited along the horizontal direction 
when it is on the equilibrium state due to the gravity. 
The movements of the markers are captured by the 
high speed camera and are traced by a data acquisi-
tion system. 
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Table 1. Standard properties of the beam. 
 

Length 
(mm) 

Width 
(mm) 

Thickness 
(mm) 

Density 
(kg/m3) 

Elastic 
modulus 
(MPa) 

500 5.0 0.50 8000.0 210,000 

 

 
 
Fig. 1. High speed camera. 

 

 
 
Fig. 2. PXI 4461 board generating excitation (left) and Ex-
citer (right). 

 

 
 
Fig. 3. Experimental setup for large deformation measure-
ment and markers attached to the test beam. 

 
2.2 Modal testing and identification 

In the experimental modal analysis, steady state or 
transient response test is widely used to get the modal 
characteristics. They use a harmonic base excitation 
or impact hammer as excitation, respectively. And 
contact or non-contact type accelerometers are widely 
used to get the experimental data.  

But, in the large deformation beam test, the mass of  
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Fig. 4. Identification results of 1st mode: 1.85 [Hz]. 
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Fig. 5. Identification results of 2nd mode: 10.19 [Hz]. 
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Fig. 6. Identification results of 3rd mode: 26.84 [Hz]. 
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Fig. 7. Identification results of 4th mode: 53.22 [Hz]. 



 J. W. Lee et al. / Journal of Mechanical Science and Technology 23 (2009) 2766~2775 2769 
 

  

Table 2. Identified modal parameters from experiments. 
 

 Natural frequency 
(Hz) 

Damping ratio 
(%) 

1st mode 1.85 1.00 

2nd mode 10.19 0.28 

3rd mode 26.84 0.28 

4th mode 53.20 0.23 

5th mode 88.60 0.30 
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Fig. 8. Identification results of 5th mode: 88.60 [Hz]. 
 
accelerometer can affect the response of the beam. 
Thus a non-contact type such as a laser accelerometer 
cannot guarantee a constant measuring point due to 
large displacement, which makes bad coherence in 
the modal testing. Because the beam is very flexible 
and has a small mass, double hammering or non-
impact force also leads to bad results. 

Because of these reasons, it is very difficult to get 
the modal parameters using traditional methods in a 
large displacement beam test. 

For a large deformation test, another test procedure 
is required. In this study, a damped decay test of free 
vibrating beam is suggested as a proper test procedure. 
The beam is located on the vertical direction and is 
excited along the horizontal direction with their natu-
ral frequencies until a steady state behavior occurs. 
When the beam reaches to a steady-state, a sudden 
drop of the excitation makes the beam vibrate with its 
natural properties. And then the natural frequency and 
damping ratio can be found with Eq. (1), which is a 1 
D.O.F. free vibration equation.  

 

( ) ( )0 0
0( ) cos sinnt n

d d
d

x xx t e x t tζω ζω
ω ω

ω
− ⎛ ⎞+

= +⎜ ⎟
⎝ ⎠

&
 (1) 

 
where 21d nω ω ζ= − is the damped natural fre-
quency. 

The modal parameters to be calculated are the val-
ues which the residue between Eq. (1) and test data is 
minimized such as Eq. (2). 
 

( ) ( )2

exp ide
0

Min. ,
n

r r
i

x xω ζ
=

ℜ = −∑    (2) 

 
Figs. 4-8 show the damped behaviors of the beam 

from the 1st to the 5th natural frequency, respectively; 
Table 2 shows the resultant natural frequencies and 
damping ratios identified from the physical experi-
ments. 
 

3. Simulation with ANCF 

3.1 Equations of motion of 2D beam 

Fig. 8 shows a finite element model of the 2D Eu-
ler-Bernoulli beam. The center line is parameterized 
by the value 0, ,p l= K , where, l  is the initial length 
of the beam element. The vector of the absolute nodal 
coordinate consists of two vectors. One is a position 
vector of the both ends, 0 , lr r , and another is a tan-
gent slope vector of the both ends, ,o lτ τ , respectively 
[1, 3].  

Therefore, Eq. (3) is the vector of the absolute 
nodal coordinates of the beam. 
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It can be shown that the position of an arbitrary 

point on the element is given by Eq. (4). 
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Then, a global shape function is defined as Eq. (5). 
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= − = −
   (5) 

 
where p lξ =  is a non-dimensional variable. For 
the sake of simplicity, a slightly different notation is 
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applied to the same equations. 
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where I represents the 2 2× identity matrix. The 
equations of motion of the beam element can be ob-
tained from the following Lagrange Eqs. [11].  
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where, 
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And T is the kinetic energy, U is the strain en-

ergy by internal force. Wδ is the virtual work of 
external forces. And µ is the linear mass density.  

After substituting Eq. (8) into Eq. (7), rearrange the 
equation in matrix form,  
 

e g+ =Me Q Q&&    (9) 
 
where,  
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The block element of the mass matrix ijM  and 

the vectors of generalized gravity forces g
iQ are de-

fined as follows.  
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To calculate the vectors of generalized elastic 
forces, e

i iU= ∂ ∂Q e  is very cumbersome because of 
the complexity of the strain energy term U . 

So, the strain energy is divided into tensile and 
flexural components as Eq. (13). 
 

2 2

0 0

1 1
2 2

l l

U U U EA dp EI dpε κ ε κ= + = +∫ ∫    (13) 

 
where ε  represents the longitudinal deformation 
and κ represents the transverse curvature. The tensile 
stiffness EA  and the flexural stiffness EI  are as-
sumed to be constant throughout the beam element. 
More detailed derivation for the equations of motion 
and several models of elastic forces are well ex-
plained in Ref. [3, 11]. 

 
3.2 Optimization for frequency matching 

From the author’s knowledge, most researchers 
have focused on correlating their results with experi-
ment at only the fundamental mode. The 1st mode 
with the lowest frequency is relatively easy to corre-
late the results of simulation with those of experiment 
because the frequency which has to be correlated is 
only one. But, in higher order modes, the natural 
characteristics of the beam can highly affect the re-
sponse of the forced vibration behavior. All frequen-
cies among a specific frequency band have to be cor-
related at the same time. In this study, because spring-
steel that has been heat treated is used, there is no 
guarantee that the natural properties of simulation 
coincide with those of experiment. Table 3 shows the 
difference of natural frequencies in the case of using 
standard properties of steel. 

In the case of standard beam properties, the differ-
ence between measurement and simulation is almost 
by 10 % even the 1st mode due to above reason. It 
must be affecting on the dynamic simulation very 
seriously. So, the optimization process was carried 
out to find the proper material properties. The beam 
used in this study has 20 finite elements, 84 coordi-
nates and 4 constraint equations. In the optimization 
process, design variables are selected as the width and 
height of each beam element and elastic modulus and 
density. The variance of those design variables is 
limited within 10 %. To correlate with natural charac-
teristics, the objective function is chosen to minimize 
the residue of natural frequencies and modes from the 
1st to the 5th mode similar to Eq. (2) in section 2.2. 
The resultant design variables are listed in Table 4. 
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Table 3. Optimized results for frequency matching. 
 

Simulation [Hz] 
Natural  
Freq. 

Test 
 (Hz) Before 

optimization 
After 

optimization 

1st mode 1.85 1.67 1.84 

2nd mode 10.19 10.47 10.18 

3rd mode 26.84 29.32 26.81 

4th mode 53.20 57.46 53.15 

5th mode 88.60 94.97 88.79 

 
Table 4. Optimum properties of the beam. 
 

Length 
 (mm) 

Width 
 (mm) 

Thickness 
 (mm) 

Density 
 (kg/m3) 

Elastic 
modulus 
 (MPa) 

500 5.0 0.49 8108.0 205,130 

 

4. Choice of damping model 

4.1 Linear damping model 

To Consider effects of internal and external dissi-
pation, a linear damping model is widely used in 
structural dynamics problem for the sake of simplicity. 

 
e=dampQ C &    (14) 

 
In this model, a particular form of proportional 

Rayleigh damping is implemented such as Eq. (15). 
 

α β= +C M K    (15) 
 
where M is a mass matrix and K is a stiffness ma-
trix.  
 

1 2 1 2 2 1 2 2 1 1
2 2 2 2
2 1 2 1

2 ( ) 2 ( ),ωω ζ ω ζ ω ζ ω ζ ωα β
ω ω ω ω

− −
= =

− −
 (16) 

22 0r r r r r re e eζ ω ω+ + =&& &    (17) 
 

Values ,α β  depend on frequencies ω1 and ω2 as 
well as on damping ratios ζ1 and ζ2 for the first two 
modes of the system that appear in the modal dy-
namic equations, Eq. (17).  

But, the drawback of the linear damping model is 
just to control damping of a beam with only two mod-
es because the constraint parameters are only two, 
α and β . And if the parameters are changed to corre-
late higher motions, it is certain that the low fre-
quency motions will be different. The ratios ζ1 and ζ2  

Table 5. Proportional damping parameters. 
 

1ω  
(Hz) 

2ω  
(Hz) 

1ζ  
(%) 

2ζ  
(%) α  β  

1.85 10.19 1.0 0.28 0.228 3.18E-4

 
can be calculated from identified data in the previous 
section. Table 5 shows the resultant damping parame-
ters calculated for computer simulations. In Eq. (18), 
one can easily verify that α controls the low fre-
quency damping and β controls the high frequency 
damping. In Table 4, The value of α  is much larger 
than that of β . But, because the role of α is to dis-
sipate only fundamental frequency and beat frequen-
cies of higher modes, parameter β  has more influ-
ence on the motion of the high order responses of the 
beam. 
 

2

2 2 2
r r

r
r r

α βω βωαζ
ω ω
+

= = +    (18) 

 
4.2 Generic damping model 

In the previous section, one can see that it is impos-
sible to correlate the high frequency behavior of the 
structure by using the linear damping model. The 
linear damping model can express the motion of only 
a maximum two frequencies. So, a new damping 
model which can have frequency dependent proper-
ties and express the independent high frequency 
damping characteristic is necessary. In this study, a 
frequency dependent generic damping model based 
on inverse modal transformation technique is also 
introduced into flexible multibody dynamics [7, 8]. 

From the identified modal parameters in section 2.2, 
the generic damping matrix can be derived by using 
the modal transformation technique. Modal transfor-
mation is the transformation from an identified damp-
ing matrix in the frequency domain to general damp-
ing matrix in physical time domain using modal vec-
tor. With the undamped natural modal matrix Φ , 
one can calculate the generic viscous damping matrix 
using orthogonal properties, as shown in Eq. (19). Eq. 
(19) shows the modal transformation of generic 
damping matrix. Eq. (20) is an inverse modal trans-
formation. 
 

T
g =C Φ CΦ    (19) 

[ ]diag 2g r rζ ω-T -1 -T -1C =Φ C Φ = Φ Φ    (20) 
 
where 1, ,r n= L  and [ ]diag 2 r rζ ω means the di-
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agonal matrix of which its diagonal component is 
2 r rζ ω . 

Using the mass normalization properties, one can 
derive the inverse modal matrix such as Eq. (22). 
 

TΦ MΦ = I    (21) 
− =TΦ MΦ , 1 T− =Φ Φ M    (22) 

 
Substituting Eqs. (22) into Eq. (20), the generic 

damping model can be calculated as Eq. (23).  
 

[ ]diag 2 T
r rζ ω=C MΦ Φ M    (23) 

 
where M is a mass matrix, Φ is a mode shape vec-
tor and ,r rζ ω are critical damping ratio and natural 
frequency derived from modal parameter identifica-
tion method, respectively. 
 

5. Comparison of simulation and experiment 

Experiment and simulation with base excitation are 
carried out from the 1st mode to the 5th mode. Using 
marker tracking method, displacement of the beam is 
measured. In Figs. 9-16, ‘Experiment’ means the 
measurement results of testing, ‘Generic’, blue da-
shed line, means the simulation results of the generic 

 

-2 0 2 4 6 8 10
-200

-150

-100

-50

0

50

100

150

200

D
is

pl
ac

em
en

t [
m

m
]

T ime [sec]

 Experiment
 Generic

 
(a) Steady state response 
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(b) Damped decay response 

 
Fig. 9. Comparison of experiment and simulation: 1st mode. 

damping model, and ‘Linear’, red dashed line, means 
the simulation results of the linear damping model. 

Figs. 9 and 10 show the steady state and damped 
response of experiment and simulation at the 1st and 
2nd mode frequencies, respectively. Both results are 
almost the same. So, one can know that the identified 
parameters give good results. Because the control 
parameters in the linear damping model are calculated 
from the first two modes, one can see that even the 
linear damping model can also predict the response 
well enough. Of course, the presented generic damp-
ing model also gives good correlation results.  

Figs. 11-13 show the steady state and damped de-
cay response of the 3th, 4th and 5th mode frequency, 
respectively. One can see that the linear damping 
model cannot predict the response of the beam well 
enough. Because there are no input parameters from 
the 3rd mode frequency in the linear damping model, 
the results from it are all arbitrary values. But, be-
cause the effect of β is dominant at high frequencies, 
the results of the linear damping model are prone to 
overestimate the damping characteristics compared to 
those of the experiments. The recalculated damping 
ratios from the simulation results of each damping 
model are listed in Table 6.  
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(a) Steady state response 
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(b) Transient decay response 

 
Fig. 10. Comparison of experiment and simulation: 2nd mode. 
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(a) Steady state response 
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(b) Transient decay response 

 
Fig. 11. Comparison of experiment and simulation: 3rd mode. 
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(b) Transient decay response 

 
Fig. 12. Comparison of experiment and simulation: 4th mode. 

Table 6. Resultant damping ratio of experiment and simula-
tion. 
 

Damping ratio of each mode [%] 
 

1st 2nd 3rd 4th 5th 

Experiment 1.00 0.28 0.28 0.23 0.30 

Generic 1.00 0.28 0.28 0.23 0.30 

Linear 1.00 0.28 0.32 0.50 0.70 
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(b) Transient decay response 

 
Fig. 13. Comparison of experiment and simulation: 5th mode. 

 
One can understand that the damping ratios of the 

linear damping model are higher than those of physi-
cal experiment above the 3rd mode. Especially, the 
5th damping ratio is different by about 57 %. Con-
trary to the linear damping model, the generic damp-
ing model can estimate the damping characteristics 
well enough in spite of the high frequency region 
because it directly uses the modal parameters of each 
mode achieved from experiment. If one can measure 
the modal parameters of the higher frequency, the 
generic damping model can control all frequency 
behavior which can be calculated. 

Until now, it has been shown that the linear damp-
ing model cannot predict the response in high order 
behavior and the generic damping model which has 
the frequency dependent properties can predict the 
response well enough in spite of high frequencies. 
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5. Conclusion 

Although there are many researches to study large 
deformable models, they all have focused only on the 
fundamental frequency. The measurement of high 
frequency is very difficult even with a high speed 
camera and node tracking methods. That’s the reason 
why most researchers have focused on the 1st mode. 
And to correlate only the first mode, the linear damp-
ing model is sufficient. That’s the reason why most of 
the previous researches adopt mass proportional 
damping because the parameter α is dominant at low 
frequency. 

But, in high frequency, the experimental method 
and related damping model have to change. First, in 
this study, the proper modal testing and identification 
method are presented for flexible multibody dynam-
ics by using the concept of global parameters. And 
the measuring of high frequency responses until the 
5th mode, 89 Hz, has been done by proposed methods. 
This paper is the first research which studies the cor-
relation of high order behaviors of a flexible beam 
with experiment results.  

The study presents the proper correlation method 
with introducing the frequency dependent generic 
damping model. This research shows with the linear 
damping model, which is used traditionally for sim-
plicity, it is impossible to express the high frequency 
motion at the same time, and the proposed generic 
damping model can suppress the number of fre-
quency modes simultaneously. The absolute nodal 
coordinate formulation uses the global displacement 
and finite slope as nodal coordinates. So, this paper 
presents interesting results that the traditional modal 
damping theory can also be used even in the case of 
the nodal coordinates consisting of global displace-
ment and finite slope. This paper shows that the mo-
dal transformation technique can be also applicable to 
a beam undergoing large displacements.  

Finally, through comparisons between numerical 
simulation and experiment, this study shows that the 
presented generic damping matrix, modal testing and 
parameter identification method works well in flexi-
ble multibody dynamics undergoing large displace-
ment. 
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